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Abstract 

For some time the York time parameter has been identified as a candidate 
for a physically meaningful time in cosmology. An associated Hamiltonian 
may be found by solving the Hamiltonian constraint for the momentum con¬ 
jugate to the York time variable, although an explicit solution can only be 
found in highly symmetric cases. The Poisson structure of the remaining 
variables is not canonical. Here we quantise this dynamics in an anisotropic 
minisuperspace model via a natural extension of canonical quantisation. The 
resulting quantum theory has no momentum representation. Instead the po¬ 
sition basis takes a fundamental role. We illustrate how the quantum theory 
and the modified representation of its momentum operators lead to a con¬ 
sistent theory in the presence of the constraints that arose during the Hamil¬ 
tonian reduction. We are able to solve for the eigenspectrum of the Hamil¬ 
tonian. Finally we discuss how far the results of this model extend to the 
general non-homogeneous case, in particular perturbation theory with York 
time. 


1 Introduction 

The canonical quantisation of general relativity carries with it the notorious prob¬ 
lem of time, one of whose facets is the existence of a Hamiltonian constraint in 
the classical theory, which manifests after quantisation in the form of the Wheeler- 
deWitt equation, leading to an apparently ‘frozen’ dynamics for the universe ffl . 
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na, 0, a, 0. The Hamiltonian constraint arises because of the time-reparame- 
terisation invariance of the classical theory. One possibility to overcome this dif¬ 
ficulty is to break this invariance by identifying a physically meaningful time pa¬ 
rameter from among the spatial and/or matter variables. One particularly promis¬ 
ing suggestion has been the ‘York parameter’ T d6] — roughly speaking, equal 
to the fractional rate of spatial contraction of the local volume element — whose 
physical significance has been made apparent through its importance in the initial- 
value problem of general relativity [|71[H1!9]|. Two further independent motivations 
for its use as a fundamental time parameter are found in IfTOll and IfTTI . The emerg¬ 
ing time found in shape dynamics lfl2l [T3l [14 ] also bears a close relationship to 
York time. 

Having chosen York time as a preferred temporal parameter, one can obtain a 
physical, non-vanishing Hamiltonian H phys by solving the Hamiltonian constraint 
for the momentum P T conjugate to the York parameter T, a procedure known as 
Hamiltonian reduction. However, in the general case the equation is too difficult to 
solve by known methods @. In 11131 we performed this procedure for the case of a 
homogeneous and isotropic minisuperspace model with scalar fields and analysed 
the subsequent quantum theory. However, the simplicity of the model used there 
hid another aspect of this theory: the fact that the dynamical variables left over 
after the extraction of the York parameter and conjugate momentum, namely the 
scale-free components g i} = g ~ 3 g VJ of the metric and associated momentum 7 t ij = 
g 3 (tt'- 7 — -,g' : 'T r-( tt)) are not canonical. Their Poisson brackets are [J6J 

{9ab(x),pi cd {y)} = (sl c 5f - \g a b9 cd ) ^{x~y) (1) 

f~ab/->\ ~cd/->\'\ 1 (~cd~ab ~a& ~- C( A r3 / -» -*\ 

{tt (x),7t {y)} = -[g n - g pi Jb^x-y). ( 2 ) 

In this paper we explore this Poisson structure and the resulting quantum the¬ 
ory by using another pure-gravity minisuperspace model which is homogeneous 
but anisotropic, and therefore displays the non-canonical Poisson brackets. In the 
classical theory the choice of York time may be seen as a mere gauge choice. 
However, since different choices of time parameter lead to the quantisation of dif¬ 
ferent variables, different choices of time parameter can lead to physically distinct 
quantum theories. A cosmological constant is easily included in this model. 

We show that a consistent quantum theory that incorporates all the constraints 
of the classical theory can indeed be formulated, and we solve the Hamiltonian 
eigenequation. An interesting aspect that emerges from the Poisson structure, in 
particular the non-commutativity of the momenta with each other, is the absence 
of a momentum representation. 

We hope that by considering this analytically solvable model insights into the 
structure of the full quantum (not minisuperspace) theory may be gained. The 
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full theory unfortunately remains unsolvable due to the aforementioned difficulty 
in solving the Hamiltonian constraint. However, the generalisation of the results 
to cosmological perturbation theory, where an approximate physical Hamiltonian 
can be derived, is discussed in section |4j 

2 Classical Theory 

In order to study the consequences of this Poisson structure it is sufficient to con¬ 
sider a homogeneous anisotropic vacuum minisuperspace model with a spatial 
metric consisting of diagonal components only, g tj = SijQi. It is easy to see that 
the associated momenta must also be diagonal, i t ij = S l] P 1 . The classical solution 
of the Einstein equations with these restrictions are the so-called Kasner models 
El sec. 30.2], 

Because of the ‘compression’ of two indices (g^, tt ij ) into one ((),. P 1 ) in our 
formulation of the dynamics, we employ the following summation convention: 
Indices are summed over if they appear at least once as an upper and a lower 
index each. Indices may appear multiple times as either upper or lower indices 
only however without implying a summation. All indices are spatial indices only 
and range of 1,2, 3. It is furthermore conventient to introduce the inverse metric 
variables, q = (g a ) _1 . 

The York parameter is defined to be proportional to the fractional rate of con¬ 
traction of space, T = 2n/3^/g, with the constant of proportionality chosen 
such that its conjugate momentum is the negative of the local volume element, 
P T = -\J7h where g = det(g ab ) = Q 1 Q 2 Q 3 is the metric determinant and 
7 r = Tr(n" b ) = Qjl 7 ' is the trace of the momenta^ That is, the York parame¬ 
ter and momentum extract the isotropic ‘scale’ component of the variables. The 
remaining scale-free variables are g tJ , P 1 ' 1 as defined above for the general case, or 

q a = g~^Q a , p a = sHP a -\nQ a ). (3) 

in the case of the present model. In virtue of their definition they obey the con¬ 
straints 


<M2<?3 = 1, (4) 

QaP a = 0. (5) 

The tracelessness [5] of p" ensures that the first constraint [4[ the scale-free condi¬ 
tion, is preserved. 

’in general, the York parameter can only function as a viable choice of time if an appropriate 
slicing condition is satisfied, ensuring that it is indeed constant across each slice. However, here 
its constancy is automatically guaranteed by spatial homogeneity. 
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In terms of q a , p" the Hamiltonian constraint, obtained by following the ADM 
procedure lH71 . takes the form 


o = n = 2 k 


71 J- 2 a‘2 

■7-p + ^=QaP 

6 y/g V g 


= 2 k 


-T 2 Rr_ n 2 n a2 

8 1 p QaP 


( 6 ) 


where 2 k = IOttG'. The physical Hamiltonian associated with York time is given 
by H phys = —P T (q a ,p a ,T), where Px(q a ^P a ,T) is the function obtained when 
solving the Hamiltonian constraint for P T in terms of the other variables. In the 
full theory the analogous equation is a difficult elliptic equation with no known 
general solutions. Here however it is a simple quadratic, yielding 


^■phys — ^ 7 -f 


3 T 


2 a2 

, 2 QaP 


(7) 


The choice of sign is not physical. For any given physical trajectory correspond¬ 
ing to one sign choice there is a corresponding solution for the other sign choice, 
characterised by q a (T) —» q a {T), p a (T) —y —p a (T). Since the physical interpre¬ 
tation of the numerical value of H phys is that of ‘volume’ however and volume is 
conventionally defined as positive, we assume the positive sign in[7} 

The original variables Q ,, P l are canonical, {Q a . P b } = d b with other Poisson 
brackets vanishing. The new variables on the other hand have a more complicated 
Poisson structure, 


Ua,p b } = $a ~ lq a Q b , ( 8 ) 

{p a ,p} = l(p a q-p b q a ), (9) 

obtained by using the definitions of q a and //' in terms of 0„ and P a and the 
canonical Poisson brackets {Q a , P b }. It is straightforward to verify that the mo¬ 
tion generated by the momenta, q a —t q a + e b {q a ,p b }, p a —> e h{p a ■ !>'} f° r a small 
vector e b , preserves the constraints [4j [5} The same holds true for motion gener¬ 
ated by the Hamiltonian, q a —>• q a + ST{q a , H},p a —>■ p a + ST{p a , H}, although 
the tracelessness constraint [5] is required to show that the scale-free condition [4] is 
preserved. 

Specifically, the equation of motion are 

Qa = tia, H} = J 8 k2 ■ q 2 bP b S b (10) 

V 3T ■ QkP 

p" - {p a ■> H } = -\l 2 8 2 ^ • q b p b2 5l (ii) 

V 3T • QkP 
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where a prime () denotes derivation with respect to York time T. 

Solutions to these equations may be found by inspection using the fact that 
p' = —q b p b S ab q a . One finds solutions 

q a {T) = (—4/3T) 2 < s »-3>, p\T ) = (s a - |)(-4/3T)- 2(s “-^, (12) 

with constant parameters s a satisfying + s 2 + s 3 = 1, s\ + s\ + S 3 = 1. These 
solutions are exactly the Kasner models. In order to see this and to get a better 
intuition of the relation of York time T and standard cosmological time t in these 

o 

models, recall that in the Kasner models g = t and the general fact that T was 
defined as—4/3 times the fractional rate of change of volume, so that 

4 

T — -. (13) 

3 1 

This makes it apparent that [12] are indeed the Kasner solutions. The value of 
H p hys is given by — P T = yfg, so that H phys = t — cosmological time is just the 
numerical value of the physical Hamiltonian. 

The fact that one obtains exactly the same solutions illustrates the consistency 
of the reduced formalism. 

A cosmological constant may be included in the above formalism, leading to 
the substitution (8/3T 2 ) —>• (|T 2 — 2A) _1 in H phys . The solutions of the equations 
of motion are then 


q a {T) = la 


,2 16 


T+Jr-yA 


+2(s a — 4) 


P a (T) = la (s a - 3 ) 


r + t/T 2 -yA 


—2(s a —f) 


(14) 

(15) 


where the parameters s a satisfy the same condition as in the Kasner model, y a are 
constants chosen to satisfy eq. 4 and T is restricted to | T 2 > 2A. For a discussion 
of the appropriate range of values of T and the question of extending T over the 
entire real line, see [H 8 l . 


3 Quantisation and representations 

The canonical quantisation recipe provides a list of instructions of turning a clas¬ 
sical theory with canonical variables into a viable quantum theory. In our case 
however the Poisson brackets are not canonical and there is no such established 
recipe. However, there is a natural extension of that recipe that one may consider 
to provide a good guess for what may constitute a viable quantised theory. 
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As usual, we ‘promote’ variables to operators, which are to act on a space of 
quantum states T. Poisson brackets become commutator brackets and the right- 
hand side of[8]and[9]gain a factor ih on dimensional grounds to match the ‘miss¬ 
ing’ power of momentum as compared to the left-hand side. The proposed quan¬ 
tum theory is therefore defined by the commutator expressions 



(16) 

(17) 


and other commutators vanish. Constraints </>(g i; p r ) = 0 act as operators on states 
as 4>(qi,p 1 )^phys = 0 if ^ phys is to be considered a physically possible state. 

One may now readily see why this theory does not allow for a momentum 
representation, that is, a representations of quantum states as functions ^(p 1 ) of 
state-space coordinates p 1 such that ) = [) l i)(p ). The existence of such a 

representation directly contradicts the non-commutativity of the momenta. How¬ 


ever, there is a position representation satisfying the commutation relations 16 
[l7| given by 


Qa^iQi) 

p b ^(q.i) 


q a ^{qi), 

~ m ( 5 “ “ ^ 




(18) 

(19) 


We discuss the implications of the non-existence of a momentum representation 
in section [5] 

We are left to consider the constraints. The tracelessness requirement in oper¬ 
ator form, 

%P a = 0 , ( 20 ) 

is satisfied identically in this representation, so that it does not restrict the space 
of physical wavefunctions. On the other hand, the absence of absolute scale, 


7l7273 ^phys phys (21) 

implies that physical wavefunctions must vanish off the two-dimensional surface 
£ given by f/ j f/ 2 O's = 0. On the full configuration space physical wavefunctions are 
therefore discontinuous at £. One may be worried that this is problematic given 
that one encounters expressions of the form d/dq { T. which are derivatives across 
the discontinuity. However, derivatives in the position representation only appear 
in the form of linear combinations as given by the momenta, which are directional 
derivatives tangent to the constraint surface. This is, of course, the quantum result 
corresponding to the fact that classically momenta generate motion within the 
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constraint surface. Specifically, considering a basis for the tangent space to £ 
at an arbitrary point by writing q 3 = (qiq 2 )~ 1 and calculating the corresponding 
tangent vectors, 


/ dq 1 dq 2 dq 3 \ . 2 n 

Tl= KWi’Wi’Wi) = (1 ’°’ -1/,l92) ’ 

(22) 

/ dq x dq 2 dq 3 \ , 2 , 

(23) 

the momenta can be expressed in terms of this basisj^] 


p 1 = (l T i _ ^ T2 ) ■ v 

(24) 

p2 = (-|i ri + iT2 )' v 

(25) 

p 3 = (-|gi? 2 ^i - (&T 2 ) ■ v. 

(26) 


The evolution of the value of T at some point q is therefore ‘blind’ to the properties 
of T outside the constraint surface. 

The dynamics of the quantum theory is determined by the quantised, time- 
dependent Hamiltonian, 

H= ■ ( 27 ) 

Since classically the numerical value of the Hamiltonian is ‘volume’, in the quan¬ 
tum theory H defines a ‘volume spectrum’ with volume eigenfunctions and eigen¬ 
values rather than the more conventionally encountered energy spectrum [fl~5ll . 

The obvious difficulty with H is the appearance of a ‘square-root’ operator, 
whose meaning is not initially clear. Another question is the factor-ordering am¬ 
biguity in the radicand. Regarding the latter, one can show using the commutation 
relations that changing the ordering of ( Q a QaP a p a ) either has no effect or merely 
corresponds to adding or subtracting a constant |ft 2 or |/1 2 . A different ordering 
choice therefore corresponds to a shift in the Hamiltonian eigenvalues but does 
not change the eigenfunctions. Where necessary, we will therefore with minimal 
loss of generality assume the ordering ‘qqpp' , also expressible in the form 

qa%P a p a ^((l) = (qld a2 - \q a (lbd a d b + lq a d a ^j V(q). ( 28 ) 

The square-root operator can be dealt with formally by assuming the existence 
of a series expansion, 

OO 

ff = (8/3T 2 )^w n Jq)(dT, (29) 

71=0 

2 

Furthermore, one notes that the momenta are not linearly independent operators. 
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which acts straightforwardly on a state when expressed as a 


Fourier transform^ 




I 


cl 3 k t/S(fc)e* fc 9c , 


(31) 


giving 

/ OO 

d 3 k £>„,„(«) (ikT-me ik ‘ q ‘ 

n=0 

= f d 3 k yjql{ik a f - \q a q b {ik a ){ik b ) + \q a {ik a ) ■ ip(k)e k 9c . 

(32) 


This formal result does not seem however very practical or insightful. 

Instead we wish to deal with the square-root operator explicitly. Since analysis 

A o A 

of H is a lot easier than H itself (as there is no square root and so the interpre¬ 
tation of the operator expression is clear) it is useful to establish the relationship 
between operators h = (gj3 a2 ) 5 and / = h 2 = q 2 a p a2 . 

If \h) is an eigenfunction of h with eigenvalue h, h\h) — h\h), then it is also 
an eigenfunction of h 2 with eigenvalue h 2 , n h) = h 2 \h). The converse is in 
general not true: there may be eigenfunctions of / = h 2 which are not eigen¬ 
functions of h. However, if / is diagonalisable with a complete set of eigenstates 
(this will follow from Hermiticity established below), then these also form a set 
of eigenstates for h = f 2 with square-rooted eigenvalues. 

Regarding Hermiticity, if h is Hermitian, then so is n. Again, for arbitrary 

operators the converse is not true: If A 2 = B and B is Hermitian, then it is 

~ ^ - 1 

not guaranteed that A is Hermitian. However, if A = B 2 is defined in terms 
of the diagonalised operator, then A will be Hermitian too (up to a subtlety also 
established below for the case of /: B must be positive semi-definite, that is, it 
must have only non-negative eigenvalues, so that their square roots are real). That 
is, not every square root of a Hermitian operator is Hermitian, but one can always 
find one via diagonalisation. This is how we intend to interpret h = ( q 2 p a2 ) 2 in 
terms of /. 

The operator / is Hermitian only on E, not on the full, unconstrained configu¬ 
ration space. In order to establish its Hermiticity it is useful to perform a change of 

~ Note however that the Fourier expansion does not constitute a integral over momentum eigen¬ 
states since no momentum representation exists. In fact, the relation of the Fourier components k c 
and the momenta can be seen via the action of the latter on the former, 

p a ip(q) = h J d 3 k tjj(k)-(8b ^\q a %)k b e k Qc = hk a ip(q)— — J d 3 k •tp(k)-q a q b k b e lk q °. (30) 
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coordinates (q 1 ,q 2 , q 3 ) -> (u = q x ,v = q 2l w = q 3 q 2 q 3 ), so that w 
the constraint surface, facilitating the integration. With d u = d' 

d v = d 2 — ( w/uv 2 )d 3 , d w = (1 /uv)d 3 , the momenta are 


= —ih 

(\d u - 

v 0 
- 0 , 


3 u 

= —ih 

(\d v - 

u 0 
— a 

13 v 

3v 1 

ih ( 

UV 

uv' 

= T 

- du 

+ — 


w 


w 


1 describes 

(■ w/u 2 v)d 3 , 


(33) 

(34) 

(35) 


the volume element is dq 1 dq 2 dq 3 = (■ uv ) l dudvdw and the operator / is 


_ ^ ^ '-a 

= q a q a p p = 


2 r 


3 L 


ud 2 + v z dt — uvd..d v + vd v + ud.. 


2o2 


(36) 


In terms of these coordinates the Hermiticity of / on the constraint surface, 

[ fx ) = [ (/>) f X, (37) 

7S 

is easily shown. Note, however, that the momenta themselves are not Hermitian 
and therefore do not constitute ‘observables’ in the conventional sense. For exam¬ 
ple, 

1 ifr 

du dv — • —(38) 
uv u 


^\p x) = I (pV) t x 




r»oo poo 


One reason we chose to examine the simplest model in which the Poisson 
brackets are non-trivial is that it allows us to explore their quantisation without 
having to worry about too many other cumbersome notational or other details. 
Another is that the Hamiltonian eigenequation, that is, the ‘volume eigenspec- 
trum’ can be solved exactly. This is because / is a homogeneous operator (eq. 36) 
whose eigenfunctions may be readily found by inspection, 


A n,m ^ ^ j 


(39) 


with eigenvalues 


2 h 


f(t>n,m(u, v) = —— [n + m 2 - nm] v). 


(40) 


Naively m, n E C, although the values will be restricted shortly. With the interpre¬ 
tation of the square-root operator discussed above, the Hamiltonian eigensolutions 
are 


yS 4/l /" 

07 i,777(^5 ^5 ^71,771 ^ ^ 


2 2 

n + m — nm. 


( 41 ) 
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The eigenfunctions </> m n (u, v) are, however, not normalisable on u,v G (0, oo) 
for any values n, m. But they are bounded (and, in fact, of constant magnitude) 
for purely imaginary n, m, and divergent for all other values. That is, let n = i(3, 
m = iS, (3,5 £ R. Then 

hip,is(T) = — T^j \Jft 2 + — P5, (42) 

where (3 2 + 5 2 — (35 > 0 always, so that the eigenvalues are real. Thus the reality 
of eigenvalues is equivalent with the non-divergence of the eigenfunctions. This 
is closely analogous to the ‘plane wave’ eigenfunctions of a free particle in basic 
particle quantum mechanics. There the eigenfunctions are of the form exp (ikx) 
for real k and therefore not normalisable either but bounded with constant magni¬ 
tude. Imaginary values of k are excluded even though they solve the eigenvalue 
equation because they entail divergent eigenfunctions. The analogy can be made 
more apparent by writing cj)^ ^ = e ,(31n,I+ ^ lnrj . The eigenvalues are sign-definite, 
that is, either all positive or all negative, depending on the choice of sign in the 
Hamiltonian. As we did in the classical theory we can choose ‘volume’ to be 
positive, so that the Hamiltonian is a positive-semidefinite operator. We see fur¬ 
thermore that there is a unique minimum-volume state, </> 0 0 , which has constant 
eigenvalue zero, somewhat analogous to a ‘vacuum’ state. 

One can also derive uncertainty relations. However, since the momenta are 
not observables the relevance of these relation is questionable and their meaning 
is obscure. Nonetheless we include them for completeness. One finds 

V = i) (43) 

but the other non-zero relations are not as well-behaved and state-dependent, 

(J q . a p i — o°, (i =2 j) for H-eigenstates (44) 

a p , a p ;i = 0 or 00 depending on symmetry properties of chosen state. (45) 

Including a cosmological constant in the quantum theory is relatively straight¬ 
forward since only the time-dependent pre-factor of the Hamiltonian changes, 
with the resulting Hamiltonian eigenvalues changing accordingly. The eigenfunc¬ 
tions remain the same. 


4 Application to the general and perturbation the¬ 
ory 

For a physically more relevant analysis one must, of course, abandon the assump¬ 
tion of homogeneity and consider the general Poisson brackets |T] [2j As discussed 
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above, the associated Hamiltonian constraint cannot be solved for P T as is re¬ 
quired in order to derive the explicit functional form of the physical Hamiltonian 
associated with York time. While this ultimately presents a difficulty that would 
have to be overcome in order to derive the general non-linear theory, certain prop¬ 
erties of the resulting quantum theory can already be described. In particular, 


analogously to the derivation above, there is no momentum basis but only a posi¬ 
tion basis (conformal superspace) where 

9ab{x)^[gij) = g a b(x)y[9ij}, (46) 

7 T ab {x)^[g i3 ] = -ih { 5 ^ 5 ^ - lg ab g cd j ( 47 ) 

Just as in the homogeneous model above the ‘tracelessness’ constraint 

gab^ ab ^phys[gij] = 0 (48) 

is satisfied identically in the quantum theory and imposes no restriction on the 
physicality of states. On the other hand, the ‘scalefree’ constraint 

El^phys [9ij] phy s [g^j ] (49) 


implies that physical states have support only on the classical constraint surface 
given by det(py) = 1. Momenta once again act tangentially, allowing for a con¬ 
sistent formulation of the quantum theory in the position basis. 

While the explicit Hamiltonian is not known for the general theory, it is possi¬ 
ble to construct cosmological perturbation theory based on York time [|T9l . Here 
one considers a homogeneous background on which one imposes gravitational 
and matter perturbations, which are assumed small. This allows one to solve for 
the physical Hamiltonian based on the York parameter of the homogeneous back¬ 
ground only. One then proceeds to exploit the gauge ambiguity (equivalently, the 
ambiguity of the original slicing at the perturbative level) of the perturbative de¬ 
grees of freedom such that the originally chosen ‘background’ York time is, in 
fact, the exact slicing. Thus one obtains a perturbative Hamiltonian, which in 
virtue of the perturbative expansion consists of a sum of quadratic terms, albeit 
with strongly time-dependent coefficients as well as mixed momentum-position 
terms. The dynamics of the gravitational part of the perturbations is then deter¬ 
mined by the Poisson structure discussed above. 

In particular, suppose there is an approximately homogeneous background 
slicing and the exact ‘York gauge’ has been chosen. Then suppose we expand 
the reduced variables as 

9ij = lij + Kj, 7f u = ^ (50) 
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where 7 ^ and 7 1 3 are the reduced ‘variables 4 of the background, which are respec¬ 
tively constant and vanishing. By substituting these expressions into the Poisson 
brackets [T| and [ 2 ] one readily obtains brackets for the perturbation variables, 


{h ab (x),v cd (y)} 


{v ij (x),v kl (y)} 


c(ccd) 1 cd 1 1 cd 7 1 ce 7 fd 

K V - 37afe7 + 37 h ab - llabl KfT 


( 2 nd order terms) 


5 3 (a: 


Y'd^ab — ry ab ir cd + ( 2 nd order terms) 


5\x-y). 


y) 

(51) 

(52) 


Terms of all orders in the perturbation variables appear because of the expansion 
of the inverse reduced metric, g lj = — ^ m h ab ^ bj + r 'f m h ab ^ hc h cd 'y d3 — ... 

only. Note that the momentum-momentum bracket 52 has no zero-order terms, 
so that this bracket is ‘almost canonical’ in a more concrete sense than that of 
|| 6 l This also implies that there is an ‘approximate momentum representation’. 
The position-momentum bracket BT] on the other hand is non-canonical even at 
zeroth order, although the terms are constant across all space and time in virtue of 
containing background variables only. 

Further details of this procedure will be discussed in a future paper. Suffice to 
say, this does not, of course, constitute a fundamental theory but one may hope that 
the dynamics obtained in this manner resembles the perturbative limit of dynamics 
generated by the elusive solution to the Hamiltonian constraint of the complete, 
non-linear theory. 


5 Conclusion 

In this paper we showed how a consistent quantum theory may be defined based 
on non-canonical brackets via an obvious extension of the canonical quantisation 
recipe. The model chosen to explore was complicated enough for the unusual 
Poisson structure to become apparent, yet simple enough to allow us to solve for 
the ‘volume spectrum’ of the Hamiltonian. 

One particular aspect of this Poisson and commutator bracket structure is the 
absence of a momentum basis. Unlike in theories with canonical variables, ‘posi¬ 
tion’ and ‘momentum’ are therefore not equally valid bases for the state space of 
the quantum theory. Contingent on the idea that the York parameter does, in fact, 
constitute a physically preferred time coordinate, this suggests that the position 
basis, that is, configuration space is the natural arena in which to describe quan¬ 
tum physics. There may be an argument that this suggests taking more seriously 
‘interpretations’ of quantum theory that already consider the configuration-space 
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description as physically preferred, such as the de Broglie-Bohm ‘pilot-wave’ for¬ 
mulation [20, l2Tll22l 23. 241. However, this is of no concern here. Furthermore, 
we note that in any case the preferred position basis arises only with respect to 
the gravitational degrees of freedom, not those of matter, so one must be care¬ 
ful not to overstate the significance of this ‘preferred basis’. The fact that the 
momentum-momentum bracket is ‘almost canonical’ in the case of perturbations 
is however not significant in this regard. While an approximate momentum repre¬ 
sentation may be found, it is merely a mathematical tool and not of fundamental 
significance. 

The cosmological model considered here is not a realistic approximation of 
our universe, which appears to be extraordinarily isotropic on large scales. Aniso¬ 
tropies are instead a local phenomenon that can be treated perturbatively. How 
this may be done has been suggested in section [4] and full details will be given in 
a future paper ||T9l . Here the situation is more complicated since not only are the 
perturbations inhomogeneous but also must include matter terms and therefore 
further degrees of freedom. However, the finite-dimensional model developed 
here already suggests the possibility of a consistent quantum theory for the non- 
canonical Poisson brackets arising in the York-time Hamiltonian reduction. 
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